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This work considers the problem of controlling batch processes to achieve a desired
final product quality subject to input constraints and faults in the control actuators. Spe-
cifically, faults are considered that cannot be handled via robust control approaches,
and preclude the ability to reach the desired end-point, necessitating fault-rectification.
A safe-steering framework is developed to address the problem of determining how to
utilize the functioning inputs during fault rectification to ensure that after fault-rectifica-
tion, the desired product properties can be reached upon batch termination. To this end,
first a novel reverse-time reachability region (we define the reverse time reachability
region as the set of states from where the desired end point can be reached by batch ter-
mination) based MPC is formulated that reduces online computations, as well as pro-
vides a useful tool for handling faults. Next, a safe-steering framework is developed that
utilizes the reverse-time reachability region based MPC in steering the state trajectory
during fault rectification to enable (upon fault recovery) the achieving of the desired
end point properties by batch termination. The proposed controller and safe-steering
framework are illustrated using a fed-batch process example. VVC 2009 American Institute of

Chemical Engineers AIChE J, 55: 2861–2872, 2009
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Introduction

Faults in processing or auxiliary equipment (sensors,
actuators, etc.) are ubiquitous in the chemical process indus-
try and can have a serious impact on product quality, lead to
undesirable pollutant emissions, and negatively impact the
overall plant productivity and economy. Batch and fedbatch
process productivity is particularly susceptible to faults as
there is an emphasis on final product quality, and a fault dur-
ing a batch may ruin the entire batch product. Specialized
sectors of the chemical industry operate exclusively in batch
or fed-batch modes. Key examples include (1) the produc-
tion of bio-chemicals (e.g., ethanol), polymers, and pharma-
ceutical products, (2) the separation and transformation of
materials by batch distillation, and (3) the processing of
materials by injection molding. Additionally, for continuous
processes with an initial batch mode of operation, namely
bio-processes, conditions at batch termination can ultimately

dictate process performance upon the transition to continuous
mode.1 In addition to faults, other operational issues such as
constraints and disturbances must be accounted for with suit-
able batch operating policies, appropriate monitoring
schemes, and well-designed batch process control structures.

The primary control objective in batch processes is to
reach a desired product quality by batch termination. As a
result, batch process control structures are designed using
end-point based control approaches. Early approaches to batch
process operation consisted of open-loop policies in which
optimal state trajectories were determined off-line by solving
a dynamic optimization (DO) problem (e.g. Ref. 2) or through
past experience. These state trajectories, which incorporated
desired end-point properties, were subsequently tracked using
local PID or predictive controllers (e.g. Refs. 3–5).

In many instances, however, process noise and disturban-
ces can render the optimal state trajectories sub-optimal or
the tracking problem infeasible. In response to this, one
modification to a completely open loop control policy has
been to correct optimal state trajectories mid-course at speci-
fied decision points in the batch based on the projected end-
point properties.6 With increased computational power
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together with more efficient optimization algorithms, shrink-
ing horizon model predictive control (MPC) of batch proc-
esses are becoming commonplace. In this approach, the opti-
mization problem is solved at each sampling instance until
batch termination, using plant measurements (or state vari-
able estimates) to update model predictions at each sampling
time. Rather than relying on tracking controllers, the result-
ing optimal input changes are then implemented directly on
the process. Differentiating features among these MPC
approaches include the complexity of the model used for
predictions and the nature of the input parametrization in the
dynamic optimization problem. With respect to the former,
the predictive model may be a linearized version of the full
non-linear model or the rigorous, first-principles non-linear
model. Because of the strong non-linearities present in most
batch processes, performance using linear models is severely
limited. Successive linearization techniques or scheduling of
multiple linear models represent a work-around to non-linear
MPC in these cases, but with the significant reduction of
computational times of real-time optimization algorithms,
MPC based on full non-linear models is becoming increas-
ingly tractable.7–10 Another factor affecting the computa-
tional effort in an MPC approach is input parametrization.
Inherent to the typical MPC algorithm, the optimal solution
consists of the entire input trajectory from the time at which
the problem is solved to batch termination, implying signifi-
cant computational effort especially during the start of the
batch. In fact, a majority of the developments in real-time
optimization algorithms are based on improved input para-
metrization techniques, which can be derived from an off-
line characterization of an optimal solution and strive to
reduce the number of decision variables in the optimization
problem (e.g. Refs. 11–14). However, with modelling errors
and process noise, actual process trajectories may deviate
considerably from the nominal one, rendering a certain input
parametrization sub-optimal or infeasible in the worst case.
One contribution of the present work is a computationally
efficient model predictive control scheme, which only
requires the online computation of the current control action,
while guaranteeing end-point reachability, if achievable.

For batch (as well as continuous) processes, the occurrence
of a fault can invalidate the desirable properties of a control
design. Compared to batch systems, there has been extensive
research on fault-tolerant control structures (FTCS) for con-
tinuous processes. Most of the existing methods for FTC rely
on the assumption of availability of sufficient control effort or
redundant control configurations to maintain operation at the
nominal equilibrium point in the presence of faults. These
methods can be categorized within robust/reliable control
approaches (also called passive FTC; e.g. Ref. 15) and recon-
figuration-based fault-tolerant control approaches (also called
active FTC, e.g. Refs. 16–22). More recently, the control of
non-linear (continuous) processes subject to input constraints
and faults that preclude the possibility of operation at the
nominal equilibrium point during a fault has been studied.
This led to the development of a safe-parking framework.23

The safe-parking fault tolerant control framework specifically
considers the class of equipment failure that does not allow
continued operation at the nominal operating point due to
input constraints. The framework answers the problem of
choosing what steady state to operate the plant during fault

rectification such that a smooth transition back to the nominal
(i.e., fault-free) equilibrium point is feasible and optimal with
respect to some measure of plant economics. The safe-parking
framework was recently generalized to address the availabil-
ity of limited measurements and uncertainty.24

The extensive results for handling faults for continuous
processes, however, do not carry over to batch processes.
Specifically, the absence of equilibrium points in batch proc-
esses and fundamental differences in the control objectives
between batch and continuous processes4 prevent the direct
applicability of research results from continuous processes.
As with the robust and reconfiguration based approaches for
continuous processes, although several robust non-linear
MPC structures for batch processes are available25,26 (as
well as dedicated fault monitoring designs for batch systems;
e.g. Refs. 27,28), the fault-tolerant characteristic in these for-
mulations stems from the underlying assumption of availabil-
ity of sufficient control effort such that the desired objective
of the batch, or the tracking of desired state trajectories,
remains achievable following fault repair. The recently
developed safe-parking framework23,24 does not remain ap-
plicable due to the absence of nominal equilibrium point or
safe-parking points. In particular, the requirement to safe-
park in23,24 is that of the existence of operating points where
the process can be stabilized in the event of a fault, and this
requirement does not hold in the event of a fault in a batch
process. With the basic premise of the safe-parking frame-
work not holding for batch processes, the subsequent method
of handling faults23,24 does not apply to batch processes.

In the absence of a framework for handling faults in batch
processes, continuation of the implementation of controllers
to drive the process to the desired end-point may not be the
best option. For instance, if one of the inputs in a batch pro-
cess fails (i.e., an actuator is ‘‘stuck’’ at a fail-safe value), it
is likely that the optimization problem in a conventional
end-point based MPC may become infeasible during the
faulty period because the desired end point properties can no
longer be reached with limited available input for the rest of
the batch duration. If the fault is repaired sufficiently fast,
on the other hand, it may still be possible to reach the
desired end-point. However, without the knowledge of the
fault-repair time, traditional MPC approaches (during fault-
rectification) would dictate computing the manipulated input
trajectory using the reduced control action till batch termina-
tion (therefore yielding an infeasible solution). By repeatedly
applying a saturated version of an infeasible input trajectory,
the process can be driven to a point where it is no longer
possible to meet desired end point properties even if the
fault is repaired in due time. Therefore, the batch process
control problem may continue to remain infeasible even after
fault rectification and the desired end point properties will
not be reached. This could result in the loss of the batch
product, as well as significant wastage of time and money
for reactor cleanup, if required.

Motivated by the above considerations, this work consid-
ers the problem of control of batch processes to achieve a
desired final product quality subject to input constraints and
faults in the control actuators. Specifically, faults are consid-
ered that cannot be handled via robust control approaches. A
safe-steering framework is developed to address the problem
of determining how to utilize the functioning inputs during
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fault rectification to achieve the desired product properties at
batch termination. The rest of this manuscript is organized as
follows: the class of processes considered is first presented fol-
lowed by a review of a representative end-point based non-lin-
ear MPC formulation for batch process control. Next, we
design a reverse-time reachability region based predictive con-
troller that requires the online computation of only the immedi-
ate control move. The safe-steering problem is then formulated,
and we use the reachability region based controller design to
come up with the safe-steering framework. Then, a fed-batch
bioreactor example is used to illustrate the details of the safe-
steering framework. Finally, we summarize our results.

Preliminaries

In this section, the class of batch processes considered is
presented followed by a representative formulation of exist-
ing non-linear, shrinking horizon predictive controller used
for batch process control.

Process description

We consider batch process systems subject to input con-
straints and failures described by:

_x ¼ f x tð Þ; ur tð Þð Þ
t 2 t0; tf½ �; ur �ð Þ 2 Ur; x t0ð Þ ¼ x0

(1)

where x 2 Rn denotes the vector of state variables and
urðtÞ 2 Rm denotes the vector of constrained manipulated
inputs, taking values in a non-empty convex subset Ur of
Rm, where Ur ¼ fu 2 Rm : umin;r � u � umax;rg, where
umin;r; umax;r 2 Rmdenote the constraints on the manipulated
inputs. The times t0 and tf denote the initial time and batch
termination times, respectively. The variable, r [ {1, 2}, is a
discrete variable that indexes fault-free and faulty operation,
specifically r ¼ 1 denotes fault-free operation and r ¼ 2
denotes faulty operation. The faulty operation specifically
considered in this work involves actuator failure for a finite
duration of time defined by the time of fault occurrence, tfault,
and time of fault recovery, trecovery. An example of such a
failure condition is a flow valve feeding a fedbatch reactor
becoming ‘‘stuck’’ at its fail-safe value between tfault and
trecovery while remaining operational at all other times.
According to the definition of r, r ¼ 1 for t [ [t0 t

fault), r ¼
2 for t [ [tfault trecovery), and r ¼ 1 for t [ [trecovery tf]. The
vector function f : Rn � Ur ! Rn is assumed to be suffi-
ciently smooth on its domain of definition. The notation, k�kQ,
refers to the weighted norm, defined by kxkQ ¼ xTQx for all
x 2 Rn, where Q is a positive-definite symmetric matrix and xT

denotes the transpose of x. Throughout the manuscript, we
assume for any u [ Ur, the solution of the batch system of
Eq. 1 exists and is continuous for all t [ [t0, tf]. For this work,
we focus on the state feedback problem where x(t) is assumed
to be available for all t [ [t0, tf].

End point based MPC

In this section, a representative formulation of a shrinking
horizon, non-linear predictive controller is presented. Note
that the representative formulation is not meant to generalize
all variations of published MPC formulations for batch proc-
esses, but only meant to capture the key idea in most existing

formulations, which is the computation of the entire manipu-
lated trajectory from the current time to the end of the batch.
To this end, consider the batch process described by Eq. 1 for
r(t) ¼ 1 (i.e., a fault-free environment where all manipulated
inputs can be changed via a feedback law), for which the con-
trol action at each sampling instance is computed by solving a
dynamic optimization problem of the form:

uMPC xð Þ :¼ argmin JEP x; t; u �ð Þð Þ u �ð Þ 2 Sjf g (2)

subject to:

_~x ¼ f ~x sð Þ; u sð Þð Þ (3)

~x 0ð Þ ¼ x tð Þ (4)

~x tf � tð Þ ¼ xd (5)

where S¼ S(t,T) is the family of piecewise continuous functions
(functions continuous from the right), with period D, mapping
[t, t þ T] into U, x0 represents the initial condition of the batch,
and xd denotes specified desired states at tf. A control u(�) in S is
characterized by the sequence {u[j]} where u[j] :¼ u(jD) and
satisfies u(t) ¼ u[j] for all t [ [jD, (j þ 1)D). The minimizing
control uMPC(�) [ S is then applied to the plant over the interval
[t, t þ D) and the procedure is repeated until batch termination.
The performance objective, JEP(x, t, u(�)), in the optimization
problem can have the following (general) form:

JEP x; t; u �ð Þð Þ ¼ M t0; ~x t0ð Þ; tf ; ~x tfð Þ; xdð Þ þ
Z tf

t

L ~x sð Þ; u sð Þð Þ ds
(6)

where M(�) and L(�) represent the Mayer and Lagrangian
terms, respectively. For end-point optimization or end-point
constrained problems, Eq. 6 typically simplifies to the Mayer
form (i.e., L ¼ 0), a functional term that explicitly involves
initial and final conditions. The Lagrangian term, L, is
frequently used to implement soft-constraints on the control
rate or minimize deviations from nominal optimal state and
input trajectories.

Remark 1. Note that evaluating the end-point constraint
(Eq. 5) and the objective function in the above formulation
(Eq. 6) requires state evaluation at batch termination. This,
in turn, implies the non-linear model (Eq. 3) must be inte-
grated at each sampling time to tf and the input trajectory up
to tf must be computed by the optimizer at each time step.
Consequently, both the integration and optimization become
computationally expensive (whether using a sequential or si-
multaneous approach to solving the optimization problem).
Note that while the solution to the optimization problem at a
certain time step is a good initial guess for the next time
step (exact-in the absence of uncertainties) modeling errors
and disturbances may require significant computational effort
in computing the manipulated input trajectory at every time
step. We present in the next section an inherently different
predictive controller formulation that does not require the
online integration of the process model nor the online com-
putation of the input trajectory up to the final time at each
sampling instance, and thus, significantly reduces online
computational demands (as expected much of the computa-
tional expense is transferred off-line; see the next section).
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Reverse-Time Reachability Region Based MPC

In this section, we present a non-linear model predictive
controller for batch processes. The key idea behind this
design is to require the computation of only the immediate
value of the manipulated variable while ensuring the desired
end point properties remain attainable throughout the batch.
Preparatory to the controller design, we first review the
notion of reverse-time reachability regions, which are essen-
tial in the control design and analysis.

Reverse-time reachability regions

As previously discussed, the objective in batch processes
is to reach a desired end-point, and of interest are the set of
states from where the desired end-point can be reached. This
set can be expressed in the form of reverse-time reachability
regions, formally defined below:

Definition 1. For the process described by Eq. 1, the
reverse-time reachability region (RTRR) at time, t, R�1(t) is
the set:

R�1ðtÞ ¼ fx0jxðtÞ ¼ x0; uðsÞ 2 U 8s 2 ½t; tf �;
_x ¼ f ðx; uÞ; xðtfÞ ¼ xdg (7)

The reverse-time reachability region at time t, R�1(t), there-
fore, consists of all process states from which the batch process
can be steered to xd, the desired end-point, by the end of the
batch (i.e., in a time tf � t) while satisfying the input con-
straints. The reason behind naming this set the ‘‘reversetime
reachability region’’ is as follows: Note that a reachability
region, R(t), for both batch and continuous processes is defined
as the set of states that can be reached from a given initial con-
dition in a time, t, subject to constraints on the manipulated
inputs. If the ‘‘reverse time’’ version of the process is consid-
ered [i.e., _x ¼ �f ðx; uÞ], and the reachability region for this
reverse-time process is computed (setting the initial condition
as the desired end-point of the original process), this yields the
set of states from where the desired end-point can be reached
for the original process (and hence the name reverse-time
reachability region). An algorithm to generate reverse-time
reachability region and the associated computational issues are
discussed in the following remarks.

Although the set is defined allowing for u(t) to take values
in U, computation of the reachability region can only be car-
ried out by discretizing (in time) the control action (i.e., sub-
ject to a control action held constant for a pre-defined period
of time). Below we define the discrete time version (where the
control action is held for a time D till batch termination).

Definition 2. The reverse-time reachability region at a
time t ¼ tf �kD (where k � tf�t0

D 2 Z), indexed by k is
defined as:

R�1
k ¼ fx0jxðtÞ ¼ x0; ui 2 U 8i ¼ 0;…;k;

_x ¼ f ðx; uÞ; xðtfÞ ¼ xdg (8)

One way to compute R�1
k is to scan the state space and

test the feasibility of an optimization problem that requires

the end-point constraint to be met subject to input constraints
and to include every state for which the optimization has a
feasible solution. However, the understanding of these sets
as being the reverse-time reachability regions allows the se-
quential determination (of an estimate) of these sets without
having to solve optimization problems. In particular, for a
given xd, the reverse-time process model can be integrated
backwards in time for the duration of D, holding the value
of the manipulated input constant. Performing this integra-
tion for all possible (appropriately discretized) values of the
manipulated inputs in turn yields an (under) estimate of R�1

1

(the fact that the computation yields an under-estimate, how-
ever, does not negatively impact its use within the controller
design; refer to remark 8 for a discussion). A finer discreti-
zation in terms of the manipulated input naturally yields a
better estimate of the reverse-time reachability region. R�1

2

can in turn be determined by repeating the process for all
elements in R�1

1 , and the process repeated to yield the
reverse-time reachability region for the initial time.

A pseudocode on the construction of RTRRs is presented
below to clarify the described algorithm above. Let the num-
ber of sampling instances during the batch be indexed by
k ¼ 0,…,K with k ¼ 0 corresponding to tf and k ¼ K corre-
sponding to t0. Additionally, let uALL be a m � N matrix
where m denotes the number of inputs as before and N is the
total number of possible input combinations following dis-
cretization of the m inputs. Finally, let xd be a vector with
dimensions n � 1.

Set IC0 ¼ xd
for k from 0 to K � 1:

Set L as the current number of columns of ICk

for l from 1 to L
for j from 1 to N

Integrate reverse time model using jth column of
uALL with lth column of L as initial conditions

Store final conditions from integration as column
in ICkþ1

end
end

end

Using the algorithm just described, the computational
demands of generating reverse-time reachability regions
increases when computing R�1

2 compared to R�1
1 (since R�1

2

is the set of initial conditions from where a state in R�1
1 can

be reached, compared to R�1
1 which is the set of initial con-

ditions from where a point, xd can be reached). In general,
the increase in computational demand is related to the
increase in size of the reverse-time reachability regions, as
we go back in time. However, it is worth noting that the size
of the reverse-time reachability region does not necessarily
grow as fast when going back in time for systems where the
desired end-point is an equilibrium point (i.e., continuous
processes). To understand this, consider the reverse-time
reachability region for a desired end point which is an equi-
librium point of the process (denoted by xe). Every state in
R�1
i would be included in R�1

iþ1 because it is possible for the
process to stay at xe for another D, having reached xe in i
time steps (by virtue of xe being an equilibrium point). This
is not true when the desired end-point is not an equilibrium
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point, and therefore, the size of the reverse-time reachability
regions, and therefore, the associated computational cost,
does not prohibitively increase as we proceed further
towards the initial time.

In addition to being dependent on the size of the previously
generated RTRR, the computational demands of the generation
algorithm is also generally dependent on the number of states
and inputs in the system. For systems with a high number of
state variables, the required computational effort is influenced
by the efficiency of the integrator as well as its ability to handle
large scale systems. In these cases, one of the host of efficient
large scale integrators available in the public domain (i.e.,
DASSL, CVODE, etc.) can be utilized. While increasing the
number of states makes the RTRR generation more complex
through internal computations (i.e., the Jacobian) performed
by the integrator, the number of inputs affects the number of
necessary integrations. The number of integrations, in fact,
grows exponentially with the number of manipulated inputs.
For instance, consider a system with two bounded inputs,
which are both discretized at 10 different points that span the
bounds. Therefore, the number of required integrations to gen-
erate R�1

1 is 100 as the reverse-time model of the system must
be integrated for every discretization point. Note, however,
that the generation algorithm has an important feature in that
integrations of the model equations may be done independ-
ently for different values of the input and initial conditions.
Accordingly, to alleviate potential computational issues associ-
ated with having a high number of inputs, starting from a given
reverse-time reachability region, integrations of the reverse-
time model may be done independently, which in turn implies
parallel computing schemes can be readily used to generate
reverse-time reachability regions to significantly reduce the
computation times.

Remark 2. The RTRR generation algorithm outlined above
describes how RTRRs can be constructed via only integra-
tions of the reverse time model of the system, _x ¼ �f ðx; uÞ.
With the assumptions that �f(x, u) is continuous on (x, u) and
is locally Lipschitz in x on D � U, where D � Rn, the conti-
nuity of solutions of _x ¼ �f ðx; uÞ in terms of the initial condi-
tion and input is guaranteed. As a result, these assumptions
ensure that RTRRs generated at each time step will be com-
pact sets. While these continuity assumptions ensure against
disjointed sets, no such general assumptions can be made to
guarantee the convexity of RTRRs generated at each time
step. Note that we do not require the sets to be convex for the
implementation of our results. Also, note that for batch proc-
esses which can be approximated well using convex differen-
tial equations in (x,u) (i.e., linear or linearized models),
RTRRs generated via the algorithm in this section will be
convex and this can lead to a significant reduction in the com-
putational requirements for generating RTRRs. For the cur-
rent work, however, we focus on non-linear processes and
only the continuity of the model equations is assumed.

Remark 3. Although existing Lyapunov-based control
designs can be very well used in the context of tracking state
trajectories in batch processes, the fact that the desired end
point in a batch is typically not an equilibrium point precludes
the use of Lyapunov-based techniques to determine the set of
initial conditions from where a desired end-point can be
reached in finite time. To begin with, the basic assumption in

Lyapunov-based control designs, that of f(xd, 0) ¼ 0 is not
satisfied in the case of batch processes. Note that this cannot
be achieved by a co-ordinate transformation either, because
xd is simply not an equilibrium point of the process. Of course
a positive definite function Vcandidate can be defined such that
Vcandidate(xd) ¼ 0. The set of states for which _Vcandidate can be
made negative, however, does not form a neighborhood
around xd, which in turn precludes the construction of ‘‘invar-
iant’’ sets around xd. In summary, in contrast to continuous
processes where the desired operating point is an equilibrium
point, Lyapunov-based techniques do not allow for computing
the set of states from where the process can be guaranteed to
be steered towards the desired end-point.

Remark 4. Although seemingly conceptually similar, the
reverse-time reachability regions in the context of continuous
systems are inherently different from those in the context of
batch processes. In particular, when considering stabilization
to an equilibrium point, the reverse-time reachability regions,
with the time tending to infinity, yield the so called null-con-
trollable regions (the set of initial conditions from where a
process can be stabilized at an equilibrium point). For stabi-
lization at an equilibrium point, R�1(t2) ( R�1(t1) when t2
\ t1. To understand this, consider the set of states which
constitute R�1(t1); there naturally exists a subset of states
within R�1(t1) that can be steered to xd in a time tf � t1
(since tf � t1 is less than tf � t2) and simply kept there until
tf as xd is an equilibrium point. In contrast, in the context of
a desired end-point that is not an equilibrium point, just
because a point is in R�1(t2) does not ensure that it is in
R�1(t1) since the process cannot be ‘‘maintained’’ at xd.

Remark 5. The presence of constraints on the manipu-
lated input has significant implications on the ability to con-
trol continuous (e.g., Ref. 29) as well as batch systems. De-
spite their differences, one common property among null
controllable regions for continuous systems and reverse-time
reachability regions in the context of batch systems is that
they are both dependent only on system dynamics and input
constraints and do not depend on a specific control law.

MPC formulation

An MPC formulation that utilizes the reverse-time reach-
ability region characterization is presented in this section. To
this end, consider the process described by Eq. 1, for which
the reverse-time reachability regions have been characterized
for a given hold and implement time D. The control action
at a time t [with k ¼ (tf � t)/D] is computed by solving the
optimization problem below:

uMPC xð Þ :¼ arg min J x; t; u �ð Þð Þ u 2 Sjf g (9)

subject to:

_~x ¼ f ~x sð Þ; uð Þ (10)

~x 0ð Þ ¼ x tð Þ (11)

~x Dð Þ 2 R�1
k�1 (12)

The objective function can be appropriately chosen to
meet desired performance objectives. For instance, if the
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objective is to minimize discrepancies between actual state
trajectories and some nominal optimal state trajectories
(x�nom), and the variation in the control moves, the perform-
ance objective could be formulated as:

J ¼
Z tþD

t

~x sð Þ � x�nom
�� ��

Q
þ uk � uk�1k kR (13)

where Q and R are weighting matrices.
As evidenced by the constraint shown in Eq. 12, implemen-

tation of the reverse-time reachability region based controller
necessitates an explicit characterization of reachability
regions. In this manuscript, the constraint in Eq. 12 is chosen
to be represented as an inequality constraint [i.e.,
~xðsÞ; uðsÞ � 0; see Remark 8]. Note that by definition,
reverse-time reachability regions take into account desired
end properties of a batch. Consequently, any existing end-
point constraints in the end-point based MPC scheme can be
replaced with a constraint that requires, at each sampling
instance, the process states to remain in the reverse-time
reachability region at the next time step (Eq. 12). Implications
on the guarantees of reachability to the desired end point
through this replacement are formalized in Theorem 1 below.

Theorem 1. Consider the constrained system of Eq. 1 with
r ¼ 1 under the MPC law of Eqs. 9–12. If and only if x(t0) [
R�1(t0), the optimization problem defining the MPC law in
Eqs. 9–12 remains feasible for all t [ [t0, tf] and x(tf) ¼ xd.

Proof of theorem 1. We first show the only if part of the
theorem. To this end, consider an initial condition x0 62
R�1(t0). If the constraint of Eq. 12 is feasible and it is imple-
mented in the closed-loop, then there exists a sequence of
control moves that take the state to xd by tf, in turn implying
that x0 [ R�1(t0). This argument can be repeated at every
time step, eventually leading to the MPC laws in Eqs. 9–12
remaining feasible for all t [ [t0, tf] and x(tf) ¼ xd only if x0
[ R�1(t0). We now show the sufficiency of the condition. To
this end, consider the case when x(t0) [ R�1(t0). By defini-
tion, there exists a set of control moves that takes the state
to xd by tf. For such a set of control moves (and the associ-
ated state trajectory), this must imply that the state trajectory
at t0 þ D resides in R�1(t0þD) [invoking the necessity of
the condition proved earlier for x(t0 þ D)]. In essence, this
implies that there exists a feasible solution to the constraint
of Eq. 12. This completes the proof of Theorem 1. n

Remark 6. The statement of Theorem 1 essentially for-
malizes that the existence of the state in the reverse-time
reachability region is a necessary and sufficient condition for
the states to be steered to the desired end point. The neces-
sity of the condition has an important implication in that if
at any time during the batch, the states are driven outside
the reverse-time reachability region, the desired end-point
simply cannot be reached. In other words, the condition of
continued existence in successive reverse-time reachability
region cannot be relaxed because if the state goes outside
the reverse-time reachability region, it is simply not possible
(whether using the proposed reverse-time reachability region
based predictive controller or any other control law) to steer
the states back into the reachability region and then to the
desired end-point by the batch termination time.

Remark 7. In this work, we assume that the batch process
design includes a specification for the desired end point
properties, xd. This allows for the computation of reverse-
time reachability regions using the algorithm presented ear-
lier in this section. In some cases, not all the desired state
values at batch termination are explicitly constrained at the
process design phase. In these cases, the objective may be to
maximize or minimize a certain product concentration.
Accordingly, for these cases, a nominal optimization prob-
lem can be solved off-line with a given performance objec-
tive, and xd can be taken to be the state variable vector at tf
from the optimal state trajectories. Additionally, rather than
use a single process state value as the desired end point, a
suitable neighborhood around xd, Bxd

, can be the desired
neighborhood to be reached. The proposed MPC naturally
allows for incorporating such a scenario by computing R�1(tf
� D) as the set of states that can be steered to the neighbor-
hood Bxd

and successively continuing backwards.

Remark 8. When using the algorithm outlined for gener-
ating the reverse-time reachability regions, the true reverse-
time reachability regions are estimated as point sets.
Depending on the specific system under investigation, the
shape and orientation of the point set may permit different
strategies for explicitly characterizing the point set. In any
case, the explicit characterization must be either an exact
characterization, which is unlikely, or an underestimate of
the true region. With the characterizations that represent an
overestimate, process states may be incorrectly identified as
belonging to the true reverse-time reachability region.
Hence, the constraint in Eq. 12 may be satisfied initially
even when the states are not contained in the true reverse-
time reachability region, invalidating guarantees of succes-
sive feasibility. In contrast, if the explicit characterization is
an underestimate (generated appropriately), successive feasi-
bility of the optimization problem can be still guaranteed.

Remark 9. One approach to generate the approximate
characterization of reverse-time reachability regions is to
consider 2D projections of the reverse-time reachability
regions and posing it as a geometric optimization problem
and using polynomial discrimination as the explicit charac-
terization method. Briefly, polynomial discrimination finds
the t-level set of a polynomial with degree less than or equal

to d, fxj P
i1þ���þin�d

ai1…id x
i1
1 x

in
n ¼ tg, that discriminates two sets

of points.30 An underestimate of the true reverse-time reach-
ability regions can be obtained through specifying an interior
subset of the point set as one class of points and the comple-
ments as the other class. Such subsets can be identified
using, e.g., the hidden point removal (HPR) algorithm pre-
sented in.31 In the HPR algorithm for 2D point sets, points
visible from a certain perspective location can be identified.
Thus, by appropriately selecting the perspectives from which
to view the point set, boundary points of the set can be iden-
tified and removed. It should be noted that the distance
between the view point and point set should also be chosen
carefully, and the results31 include an optimal way to choose
such a distance such that the number of false negatives is
minimized. By successively applying the HPR algorithm to a
2D point set and removing boundary points at each iteration,
a strictly interior subset of the point set can be identified. As
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the results from the HPR algorithm are not exact, visual veri-
fication can be used to ensure that strictly interior points are
being identified with the HPR algorithm. Geometrically, poly-
nomial discrimination seeks an algebraic surface (as defined
by the degree and coefficients of the polynomial) that can sep-
arate the two classes. If it is observed that the two classes can-
not be separated by a polynomial of a given degree, one natu-
ral step to take is to increase the degree of the polynomial and
retry the fit. The details regarding polynomial discrimination
and approximate discrimination approaches are available.30

Remark 10. With the attainment of the desired end-point
achieved via the constraint, the objective function in the MPC
formulation can be utilized to satisfy performance (as shown
in Eq. 13) or even robustness objectives. Specifically, to
enhance disturbance rejection and robustness of the closed
loop batch system, the objective function can be used to pe-
nalize the Euclidean distance between a process state and the
analytical center of a reverse-time reachability region. This
would tend to drive the process state towards the center of the
reverse-time reachability region, thereby reducing the chances
of disturbances driving the process to a point from where the
end-point is no longer reachable. Also worth noting is that it
is possible to employ a multi-objective function, which con-
sists of a weighted sum of performance and robustness terms.

Safe-Steering of Batch Processes

In the previous section, we presented a reverse-time reach-
ability region based predictive controller that was designed
with a fault-free assumption. As discussed earlier, in contrast
to continuous processes, the problem of fault tolerance is
fundamentally different in batch processes. Specifically, a
fault tolerant control framework for batch processes must be
designed with the desired end point in mind, which is rarely
an equilibrium point. In this section, we utilize the reverse-
time reachability region based MPC scheme to develop what
we call the safe-steering framework. To this end, the safe-
steering problem is initially formulated and then the safe-
steering framework is presented.

Problem definition

We consider the class of faults where a control actuator
fails and reverts to its fail-safe value. Failsafe positions are
intended to minimize the possibilities of excursions to dan-
gerous conditions such as high temperatures and pressures.
Examples of fail-safe positions are fully open for a coolant
valve and fully closed for a steam flow valve. More specifi-
cally, w.l.o.g., we characterize the fault occurring in the first
control actuator at a time tfault, which is subsequently recti-
fied at a time, trecovery (i.e., for t � tfault and t � trecovery, r(t)
¼ 1 while for tfault � t � trecovery, r(t) ¼ 2) as u12(t) ¼ u1failed
Vt [ [tfault, trecovery], with u1min � u1failed � u1max, where ui

denotes the ith component of the input vector u, the only
inputs available for control between tfault and trecovery are ui2,
i ¼ 2,…,m. Note that if tfault is at a time which is not an in-
teger multiple of the batch sampling time, D, tfault can be
taken to be at the upcoming integer multiple of D, and the
safe-steering framework can be implemented as presented in
this section. With one of the inputs fixed at a fail-safe posi-
tion, while it may still be possible to reach the desired end-

point if the fault is rectified sufficiently fast, continued oper-
ation of the representative end-point based MPC scheme
may drive the states to a point from where it is not be possi-
ble to reach the desired end point even upon fault-repair. We
define the safe-steering problem as the one of identifying
trajectories of the functioning inputs between the time of
fault occurrence and repair (without requiring the value of
trecovery, or an estimate thereof, to be known a-priori) that
will preserve reachability to the desired end-point properties.

Safe-steering to desired end point properties

The main requirement for safely steering a batch during
fault rectification is to repeatedly maintain states in regions
from which the desired end point remains reachable. To this
end, the reverse-time reachability region based predictive
controller can be utilized. Consider the batch system
described by Eq. 1 for which the first control actuator faults at
tfault and is repaired at trecovery. Also, assume the reverse-time
reachability regions for fault-free operation have been charac-
terized for all sampling instances between tfault and trecovery.
The following theorem addresses the safe-steering problem.

Theorem 2. Consider the constrained system of Eq. 1
under the reverse-time reachability region based model pre-
dictive controller given by Eqs. 9–12. In the event of a fault
at tfault, if and only if the optimization problem remains fea-
sible Vt [ [tfault, trecovery], then the optimization problem con-
tinues to be feasible Vt [ [trecovery, tf ] and x(tf) ¼ xd.

Sketch of Proof of Theorem 2: The proof of this theorem
follows from Theorem 1. Essentially equating the time trecovery

to t0, results in satisfaction of the requirements of Theorem 1
and the optimization problem continues to be feasible Vt [
[trecovery, tf] and x(tf) ¼ xd follows. This completes the
proof of Theorem 2. n

Remark 11. The key idea in the safe-steering framework,
as formally expressed in Theorem 2, is to continuously main-
tain the process (if possible) in the reverse-time reachability
regions after tfault. If the reverse-time reachability region
based controller continues to be feasible after tfault up until
the fault gets rectified at trecovery, this implies that at trecovery,
the states will be contained within R�1(trecovery), and accord-
ing to the definition of reverse-time reachability regions, the
desired endpoint will be reachable. Note that during the fault-
rectification period, there is no guarantee that the states can
be maintained within the (fault-free) reachability regions. The
result of Theorem 2, therefore, relies on the assumption of
continued feasibility of the optimization problem after tfault.
This assumption, however, is not restrictive for the reason
that it simply cannot be relaxed. If any time during fault-
repair, the state moves outside the reverse-time reachability
region, the end point state properties cannot be reached even
if the fault is immediately repaired.

Remark 12. Note also that the key reasoning behind the
statement of Theorem 2 is as follows: Once a fault takes
place, since the desired end-point cannot be reached with the
limited available control action, if one continues to try and
implement the end-point based MPC it would yield an infea-
sible solution. (Note that if the end-point based MPC contin-
ues to be feasible following a fault, then it could be contin-
ued to be used for the duration of the batch. This work looks
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at the specific class of input failures for which an end-point
based MPC will become infeasible due to the limited avail-
able control action.) With the limited control action available,
while it may not be possible to drive the state to the desired
end-point, it may still be possible to maintain the state for
some time in the successive reverse-time reachability regions.
Implementation of a truncated version of the infeasible solu-
tion from an end-point based MPC may not retain the states
in the reverse time-reachability region, however, the imple-
mentation of the reverse-time reachability region based MPC
(if feasible) allows for finding such a control action that pre-
serves the states within the reverse time-reachability regions
and subsequent end point being reached upon fault-recovery.
Note that if the fault-repair time was known ahead of time
(which of course, is not) then in principle the end-point based
MPC would also have been able to find the manipulated input
trajectory utilizing the reduced available control action
between tfault and trecovery), and full control action thereafter
to achieve the desired end-point. The utilization of the
reverse-time reachability region based MPC allows to achieve
this without the need for knowing trecovery ahead of time.

Remark 13. The safe-parking framework and safe-steer-
ing framework for continuous and batch systems, respec-
tively, both address the problem of how to operate a plant
during fault recovery and both frameworks address the kind
of faults that prevent the desired plant operation under nomi-
nal control laws. Safe-parking for continuous processes han-
dle faults that preclude operation at a nominal equilibrium
point while safe-steering for batch processes addresses the
kind of faults that preclude driving the states to the desired
end point. The safe-steering and safe-parking framework
both answer the question of how to compute the input trajec-
tories between fault occurrence and recovery such that the
desired nominal operation can be preserved or resumed. This
is where the similarity between the approaches ends. As dis-
cussed previously in the introduction, in the presence of
faults that prevent operation at a desired equilibrium point,
safe-parking23,24 involves transition to a new safe-park (equi-
librium) point which allows the transition back to the nomi-
nal equilibrium in some optimal way following fault recov-
ery. Before to considering any optimality criteria regarding
the transitions, the safe-parking framework must locate the
feasible operating points which allow such transitions, and
the main criteria used in locating these ‘‘safe-park points’’ is
the existence of such equilibrium points and then preserving
process stability by utilizing stability region characteriza-
tion32,33 for the nominal and safe-park points. In particular,
the nominal equilibrium point must be contained within the
stability region of the safe-park point and vice versa. Neither
the safe-park points, nor the controller designs for continu-
ous systems or the associated stability regions remain appli-
cable in the context of batch processes. In particular, the pri-
mary concern in the safe-steering framework is reachability.
In the absence of equilibrium point, the process cannot be
‘‘parked’’, but possibly ‘‘steered’’ in a way that allows for
end-point reachability if the fault is rectified sufficiently fast.
This is achieved in the safe-steering framework via using the
proposed reverse-time reachability region based MPC.

Remark 14. Although in this work we assume full state
availability to enable clear presentation of the key ideas, the

framework can readily incorporate the use of state observers that
utilize the measurements to generate estimates of the state which
can in turn be used for implementing the proposed safe-steering
mechanisms. The effect of possible errors in the state estimates
can be mitigated by requiring the states (predicted using the esti-
mates) to go to subsets of the reversetime reachability regions. A
detailed analysis of the output feedback problem, however,
remains outside the scope of the present work.

Remark 15. Note that the RTRR regions are estimated by
integrating the process model equations. Consequently, the
shapes and sizes of the estimated regions are sensitive to
modeling errors. Because of the possibility of discrepancies
between the estimated and true RTRR sets in the presence of
modeling errors, there is the potential of misclassifying batch
conditions as being contained within a true RTRR of the pro-
cess. In such cases, when process states have escaped the true
RTRR (even though the states may be classified as lying
within the estimated RTRR), reaching the desired end point
becomes impossible. One potential solution to this problem is
to utilize more conservative characterizations of RTRRs to
eliminate the possibility of misclassification (based on bounds
on the modelling errors, if known). A detailed exploration of
the robustness of the proposed framework and the sensitivity
of RTRR regions to modeling errors is outside the scope of
the current work but is an important topic of our future work.

Remark 16. Note, also, that the framework can be utilized
to exploit scenarios where the batch termination time is
allowed to be changed, or at the very least, allowed to be
changed over a reasonable range. This can be achieved as fol-
lows: at the time of fault repair, if the state is not present in
the reverse-time reachability region to go to the desired end-
point by batch termination (due to taking it exceedingly long
for fault rectification), the explicit characterization of the
reverse-time reachability region can be utilized to compute
the value of the (least) batch termination time for which the
state would reside in the reverse-time reachability region. If
such a time exists, the batch can possibly be run for a longer
duration (if economic and operation constraints permit) to
yield the desired product. If no such time exists, this points to
the fact that the batch may have gone beyond redemption,
and again helps in taking the immediate (and necessary)
action of discarding the batch, instead of unsuccessfully try-
ing to reach the desired end point and wasting valuable time.

Simulation Example

We illustrate in this section the proposed reverse-time
reachability region-based MPC and the safe-steering frame-
work via a fed-batch process. To this end, consider an iso-
thermal fed-batch fermentation process for which the mathe-
matical model takes the following form:

_x1 ¼ lmaxx2x1
K1 þ x2 þ K2x22

� x1
x3

F1 þ F2ð Þ (14)

_x2 ¼ � lmaxx2x1

Y K1 þ x2 þ K2x22
� �þ Sf � x2

x3
F1 þ F2ð Þ (15)

_x3 ¼ F1 þ F2 (16)

where x1, x2, and x3 denote the biomass concentration,
substrate concentration, and volume (respectively) and con-
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stitute the state vector, x. The physical meaning of the
parameters in the model equations and their nominal values
can be found in Table 1. The primary control objective for this
fed-batch process is to achieve the arbitrarily chosen desired
end point of xd ¼ [8 7.5 30]T. The fermentation time is taken to
be 1 h with a controller execution period of 0.05 h. The
manipulated variables in the fermentation process are the two
flow rates, F1 and F2, with constraints: 0 � F1 � 10 L/h and
0 � F2 � 10 L/h.

Calculation of reverse-time reachability region

The reverse-time reachability regions, R�1(t), for this sys-
tem are first generated as three-dimensional point sets using
the procedure described earlier in the Reverse time Reach-
ability Regions section. To aid in the visualization and the
eventual explicit characterization, the point set corresponding
to a given reverse-time reachability region is first projected
onto three two-dimensional spaces, namely the x1 � x2, x1 �
x3, and x2 � x3 spaces. Thus, R�1(t) is characterized through
R�1
x1�x2(t), R�1

x1�x3(t), and R�1
x2�x3(t), where the subscripts

denote the states considered in each projection. At a given
point in time, x(t) is considered to be within R(t), only if the
three projected reverse-time reachability regions contained
the corresponding projections of x(t) simultaneously. Ellipses
were utilized for the explicit characterization of the two-
dimensional (2D) point sets in the three projections. Figures
1 and 3 illustrate the results of using ellipses for all three pro-
jections at two distinct times in the batch, t ¼ 0.40 h and 0.85
h.

Implementing the reverse-time reachability
region based MPC

The effectiveness of the representative end-point controller
and the reverse-time reachability region based controller are
compared first during fault free operation. The objective
functions used in the end-point and reverse-time reachability
region based formulations, JEP and JR, were:

JEP ¼
Z tf

t

Dudt (17)

JR ¼ x1;2 tþ Dð Þ � xc1;2 tþ Dð Þ
���

���þ x1;3 tþ Dð Þ � xc1;3 tþ Dð Þ
���

���
þ x2;3 tþ Dð Þ � xc2;3 tþ Dð Þ
���

��� (18)

where xi,j(t) represents the projection of the states at time t
onto the xi � xj space and xci;j(t) represents the center point of
the reverse-time reachability region at time t in the xi � xj
space. The initial condition for both controllers was specified

to be x(0) ¼ [0.7853 50.7515 20.1629]T. This initial condition
was verified to be in R�1(0), guaranteeing the desired end-
point is reachable in a fault-free batch.

The state and input profiles resulting from the implemen-
tation of both controllers are presented together in Figure 2.
In both cases, the desired end-point properties of the batch
are reached at batch termination, meeting the primary control
objective. Note that the input variation observed for the
reverse-time reachability region based controller could have
been reduced further via a penalty term for Du. Using the
MATLAB functions, tic and toc, the required run times on
an Intel P4 3.0 Ghz machine for the end-point based predic-
tive controller (with a sequential solution strategy) and the
reverse-time reachability region based controller were 30.47
min and 26.91 min, respectively.

The significant reduction in the computational effort from
the reverse-time reachability region based MPC scheme is
evident from these results. For batch processes with addi-
tional inputs and states and/or a longer duration, the integra-
tion and optimization routines in an end-point based MPC
strategy will demand additional computational effort; there-
fore, the reduction in the run times will be even more sub-
stantial with reverse-time reachability region based MPC.

Safe-steering of the fed-batch process

Having demonstrated the computational efficiency of the
reverse-time reachability region based MPC, we now con-
sider the application of the two MPC schemes in the pres-
ence of faults. To this end, consider the case where at t ¼
0.4 h, the valve regulating F1 fails and reverts to its fail-safe
position (completely shut), resulting in F1 ¼ 0. Thus, the
inputs to the system become restricted to F1 ¼ 0 and 0 � F2

� 10. At t ¼ 0.85 h, the fault is repaired. The state and
input profiles resulting from the use of an end-point based
predictive controller and the reverse-time reachability region
based controller are presented in Figure 4.

We observe that even after fault recovery, the end-point
based MPC scheme is not able to drive the process to the
desired end-point states. Instead, due to repeated

Figure 1. Reverse time reachability region projections
at t 5 0.4 h.

Table 1. Process Parameters for the Fedbatch Bioreactor
of Eqs. 14–16

Parameter Description Value Unit

lmax Maximum growth rate 25 h�1

K1 Monod constant 0.03 g/L
K2 Kinetic parameter 0.25 L/g
Y Yield coefficient 0.25
Sf Influent substrate concentration 10 g/L
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infeasibilities during fault repair (tfault \ t \ trecovery) as a
consequence of limited available control effort (with the
controller requiring the states to go to the desired end point
by batch termination using the reduced control effort for the
entire remaining batch duration), the controller steers the
system to the end point of x(tf) ¼ [8.0634 7.6367 29.6084]T.
The states at the time of fault-recovery for the end-point
based MPC are x(t ¼ 0.85) ¼ [4.1155 24.7323 28.3706]T.
Examining the reverse-time reachability regions at t ¼ 0.85
h, this process state is not included in any of the three pro-
jections of the reverse-time reachability region (see Figure 3).
Hence, upon fault recovery, the end-point based MPC
scheme prescribes extreme control action in an (unsuccess-
ful) attempt to arrive at the desired end point by the end of
the batch. In contrast, in the reverse-time reachability region
based MPC scheme, there is no need to resort to extreme
values of the input to recover reachability to the desired end
point because the input moves during fault duration are com-
puted to preserve reachability. Although the end-point based
MPC scheme ends up implementing control action that
drives the states to a point by t ¼ 0.85 h from where it is no
longer possible to reach the desired end-point, the reverse-
time reachability region based controller, by only considering
one time step ahead, remains feasible during the failure pe-
riod, ensuring the states evolve within reverse-time reachabil-
ity regions. Consequently, the desired end point is reachable
upon fault rectification. Note that if the fault was not recti-
fied by t ¼ 0.85 h, neither the end-point based MPC nor the

reverse-time reachability region based MPC would have
been able to reach the desired end-point. However, the key
point is that in this case (with the fault being rectified at t ¼
0.85 h), there exists a set of control moves utilizing reduced
control action during faulty operation and full control action

Figure 2. State and input profiles of the fed-batch bioreactor system under the end point based MPC (solid) and
reverse-time reachability region based MPC (dashed) schemes during a fault-free batch.

Both controllers successfully drive the process to the desired end-point, but the reverse-time reachability region based MPC takes signifi-
cantly less online computational effort.

Figure 3. Reverse time reachability region projections
at t 5 0.85 h.

The * denotes the state values at trecovery using the end-
point based MPC while the ^ shows the state values using
the proposed reverse-time reachability region based MPC.
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after fault repair that allows reaching the desired end-point,
and the reverse-time reachability region based MPC is able
to find such a manipulated input trajectory (without a-priori
knowing trecovery).

Conclusions

This work considered the problem of control of non-linear
batch processes to achieve a desired final product quality
subject to input constraints and faults in the control actua-
tors. Specifically, faults were considered that cannot be
handled via robust control approaches, and preclude the abil-
ity to reach the desired end-point, necessitating fault-rectifi-
cation. A safe-steering framework was developed to address
the problem of determining how to utilize the functioning
inputs during fault rectification to ensure that after fault-rec-
tification, the desired product properties can be reached upon
batch termination. To this end, first a novel reverse-time
reachability region based MPC was formulated that reduces
online computations, as well as provides a useful tool for
handling faults. Next, a safe-steering framework was devel-
oped that utilizes the reverse-time reachability region based
MPC in steering the state trajectory during fault rectification
to enable (upon fault recovery) the achieving of the desired
end point properties by batch termination. The online effi-
ciency of the proposed controller and its utility in the con-
text of safe-steering framework were illustrated using a fed-
batch process example.
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